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LOWER BOUNDS FOR THE DENSITY OF LOCALLY ELLIPTIC 

ITO PROCESSES 

By Vlad Bally 

Universite de Marne-la-Vallee 

We give lower bounds for the density Pt(x, y) of the law of Xt, the 
solution of dXt = cr(Xt) dBt + b(Xt) dt,Xo = x, under the following 
local ellipticity hypothesis: there exists a deterministic differentiable 
curve x t , < t < T, such that x = x, xt = y and aa*(xt) > 0, for 
all t £ [0, T]. The lower bound is expressed in terms of a distance 
related to the skeleton of the diffusion process. This distance appears 
when we optimize over all the curves which verify the above ellipticity 
assumption. 

The arguments which lead to the above result work in a general 
context which includes a large class of Wiener functionals, for exam- 
ple, Ito processes. Our starting point is work of Kohatsu-Higa which 
presents a general framework including stochastic PDE's. 

1. Introduction. It is well known that under uniform ellipticity and 
boundedness assumptions for the diffusion coefficients matrix, the law of 
a diffusion process is absolutely continuous with respect to the Lebesgue 
measure and one may obtain Gaussian-type lower and upper bounds for the 
density of the law. This classical result has been extended (see [7, 12, 17]) to 
the more subtle case where, instead of ellipticity, one assumes a Hormander- 
type hypothesis. In this paper, we do not proceed in this direction. On the 
other hand, as an application of Malliavin's calculus, it is proven that under 
appropriate hypothesis, a large variety of functionals on the Wiener space 
(e.g., solutions of stochastic PDE's) have absolute continuous laws and the 
density is smooth (see [16]). Using already standard techniques, one may 
prove that some Gaussian upper bounds hold true. In a number of cases, 
one may also succeed to prove that the density is strictly positive (see e.g., 
[1, 3, 5, 15] or [16]). But the techniques used to prove strict positivity are 
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rather qualitative and do not provide lower bounds. So, this remains a chal- 
lenging problem. In a recent paper, Kohatsu-Higa [13] developed a strategy 
which permits an attack on this problem for abstract Wiener functionals. 
The author proposes a framework which essentially expresses the idea of 
uniform ellipticity for a Wiener functional and then develops a methodol- 
ogy for computing lower bounds. He employs this method for the stochastic 
heat equation. More recently, Dalang and Nualart [6] provided applications 
to potential theory for hyperbolic SPDE's. 

The paper of Kohatsu-Higa was the starting point for our work and several 
important ideas come from it. But we give a local approach which permits 
the treatment of a significantly larger class of problems. On one hand, we 
avoid boundedness assumptions on the coefficients of the equations at hand. 
In recent work, Guerin, Meleard and Nualart [9] used this local approach in 
order to obtain lower bounds for the solution of Landau's equation — a serious 
difficulty there is that the coefficients are not bounded. But the main purpose 
is to relax the uniform ellipticity hypothesis: we simply assume that there 
exists a deterministic differentiable curve such that the ellipticity assumption 
holds true along this curve. This gives access to a large class of problems 
which are far from uniform elliptic diffusions, such as stochastic integrals 
and solutions of non-Markov stochastic equations (see the examples in [2] ) . 
These problems are also out of reach of the criterion based on Hormander's 
hypothesis (but the method presented here does not cover this criterion). 

Although our main applications concern diffusion processes, we present 
the method in a more general context which is close to the abstract setting 
put forward by Kohatsu-Higa. We consider a q-dimensional ltd process of 
the form 



where B 3 ,j G N, are independent Brownian motions. We are interested in 
the density pt(xo,u) of Xt at a point y. We assume that U and V are smooth 
in Malliavin's sense so that Xt is also smooth. We now give the nondegen- 
eracy assumption. We fix a deterministic differentiable curve Xt, < t < T, 
such that xq = xo, xt = y and some deterministic functions rt,Kt > for 
< t < T. We also consider a family of deterministic qxq symmetric positive 
definite matrices Qt,0 < t < T, and denote by Aj > the lower eigenvalue of 
Qt- Given t and 5 > 0, we define 



Then our hypotheses are the following. For every < t < T and < S < 
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(H",ii) ||r 5 (t)|| fe)P)t <is:(t)<5 1 / 2 +-, u>o, 

on the set denned by |Q f " 1/2 (X(t) - x(t))\ < r(t). 
Let us explain this definition. One writes 

oo 

(i) xt +s =xi+y. u i j ( B i+s - Bi) + m). 

3=1 

The random variable G$(t) =: X t + Y^jLi Ut(B J t+s — B\ ) is Gaussian condi- 
tionally to Ft = a(Bl,s <t,j£ N) and has the covariance matrix 5 x UtU^ . 
(H, i) therefore says that this term is nondegenerate; it represents the ellip- 
ticity assumption. T l s (t) is a remainder and (H", ii) says that this remainder 
may be ignored with respect to the principal term Gs(t), which is essentially 
of order 5 1 ^ 2 . v is a strictly positive number which depends on the problem 
at hand — in the context of diffusion processes, v = ^ and for the stochas- 
tic heat equation, v = \ (see [13]). The norm || o is a Sobolev norm 
which involves the LP-norms of the first k Malliavin derivatives where p, k 
are some integers depending on the dimension q. The lower index t signifies 
that we work with conditional expectations with respect to Ft and not with 
usual expectations; we use a conditional version of the Malliavin calculus. 
Let us now comment on the localization. Both Ut = Ut(uj) and ||r<5(t)||fc p t = 
||r^(t) are random variables. So, the hypotheses (H, i) and (H",ii) 

— 1/2 

hold true only for u> G {\Qt (X(t) — x(t))\ <r(t)}. Let us consider the ex- 
ample of the diffusion process dX t = cr(X t ) dB t + b(X t ) dt. Then Ut = &(Xt) 

— 1/2 

and so (H, i) says that aa*(x) > Qt for x such that \Q t (x — x(t))\ < r(t). 
Therefore we need the ellipticity assumption only on a tube around the curve 
x t - 

Roughly speaking, in order to obtain lower bounds for pt(xo,u), we pro- 
ceed as follows. We construct a time grid = to < ■ ■ ■ < tjy = T and let 
Si = U — We denote by Pi{z) [resp. Pi(z)] the F ti -conditional density 
of X(ti + i) [resp. of Gs i+1 (ti)] with respect to the Lebesgue measure. We 
first note that if \Q u (X(ti) - z) \ < Si, then p^z) > l/e 2 (27r<5;) d/2 . This is an 
easy computation based on the fact that G§ i+1 (pi) is a Gaussian random 
variable and we control the covariance matrix by means of (H, i). Next, we 
want to use the fact that the reminder Ts i+1 (U) is small in order to derive 
a similar evaluation for Pi(z). This is a more involved computation because 
Pi(z) = E6 z (X(ti+i)) = E6 z (Gs i+1 (U) + T Si+1 (U)) where 5 Z is the Dirac func- 
tion. Since the Dirac function is not smooth, the fact that T$ (ti) is small 
in L p -norms is not sufficient — we need the Sobolev norms (in Malliavin's 
sense) to also be small — this is why ||r5. +1 (^)||fc ]Pit appears in (H^,ii). We 
may then use a development in Taylor series and Malliavin's integration 
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by parts formula (this is very similar to the calculus in [13], except for a 
localization argument which allows the avoidance of uniform ellipticity as- 
sumptions). This evaluation represents the basic element in the calculus and 
now our problem now is to transport it, by means of a "chain argument," 
along the curve x%. This is done in the abstract context of the "evolution 
sequences" in Section 2. In Section 3, we discuss the Ito processes presented 
before and in Section 4, we deal with diffusion processes. 

There is a certain analogy between the strategy used here and the one 
employed in the analytical approach to this problem (compare the decompo- 
sition used in (1) with (4.1), (4.2) page 14 in [8]; see also [4]). The advantage 
of the stochastic method is that it permits localization on the set of trajec- 
tories which remain in a tube around the deterministic curve. This allows 
the treatment of certain classes of diffusions which are not uniform elliptic 
and which do not have bounded coefficients. But the drawback is that we 
need much more regularity for the coefficients of the diffusion process. 

In the context of diffusion processes, we are able to give a nice form of the 
lower bound by means of a distance based on the skeleton of the diffusion 
process. More precisely, suppose that X± £ R q , t>0, solves the SDE 
d 

(*) dX t = J2 °j ( x t) dB{ + b(X t ) dt, X = x . 

i=i 

We denote pt{xo,v) = P(Xt £ dy). We assume that the coefficients have 
linear growth, are q + 2 times differentiable and have bounded derivatives. 
Moreover, we consider some functions A*,A*:i? 9 — > R+ and assume that 
A*(x) > aa*(x) > A*(x) > 0. In particular, A* may be the lower eigenvalue 
of era*, but for technical reasons, we accept smaller functions as well. Finally, 
we consider a control (j) = (cj) 1 , . . . ,</> rf ), $ £ L 2 \0,T], and denote by x^ the 
solution of the ordinary differential equation 

d 

(**) dxf = ^2a j (xf)(f4dt, x$ = x - 

i=i 

We consider a set of parameters 6 = (fi, %, u,rj, h), fj,,u,rj>l, h,x> 0, and 
we define $e(xo,y) to be the set of the controls 4> £ (L 2 ([0,T])) d such that 

xt = x , 4=y, ^$->~, ^K(xf) > - Vi€[0,r], 

\4>t\ < v\4> s \ y\s-t\<h, \cf)t\ <v yt<r. 

Then we define 

1/2 ^ 







{ll#r=( 


'J*\<k\ 2 dt) 







de{xo,y) =infj 

= oo if $0(x o ,y) = 0. 
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Our lower bound is given by 




~ 4e 2 (6fiy/qirT)<i/ 2 ^det aa* (y) 
x exp(-K q (l + hi(fi7])) 

x (^d 2 d {x , y) + T (V V (/i + x) 2 ^diff + 7- + v 



) 



) 



) 



where i^diff depends on the bounds of the diffusion coefficients and K q is a 
constant depending only on q. 

2. Evolution sequences. 

2.1. Conditional Malliavin calculus. We consider a probability space (f2, i 7 , 
P) with a filtration Ft, t > 0, and an infinite-dimensional Brownian motion 
P> = (Btyj^N with respect to this filtration (we do not need to assume that 
the filtration Ft is generated by the Brownian motion itself). Moreover, we 
fix some t > 0, <5 > and denote by Et the conditional expectation with 
respect to F t , that is, 



We will use a conditional version of Malliavin's calculus that we shall now 
outline. We work with the standard Malliavin derivative operators, but we 
will consider some specific norms which permit vs to focus on the derivatives 
with respect to B s ,s G [t,t + 5] (instead of s G [0, 00)), on one hand and 
we will replace the expectation E by the conditional expectation Et on 
the other hand. Let us briefly recall some notation (we refer to [16] or to 
[14] for a complete exposition of this topic). D k,p is the space of random 
variables which are k times differentiable in Malliavin's sense, in L p . For 
F G D k,p , the derivative of order k is D k F, an element of the space 
which is defined in the following way. We denote by the set of the multi- 
indices a = (pc\, . . . , CKfc), cti G {1,2, . . .} and let R @h = {(x Q ) ae e fe : x a G R}. 
For a measurable function V: [0,oo) fc — > R &k , we define 



Et(p) :=E($\F t ). 



\V\l:= / , E \V a ( Sl ,...,s k )\ 2 ds, 
H k :={V:[0,oc) k ^R e *:\V\ 2 k <^}. 



1- 



dsk and 



Hk is a Hilbert space with the scalar product 



(V,U) k := j £ V a ( Sl ,...,s k )U a (s 



Sk)ds\,... 



ds k . 
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For F € D k,p , we denote by D k F the derivative of order k, that is, D k t s F = 
(D k i a tSk F) a£ e k (see [16]) and we have E\D k F\ p k < oo. So, D k F G 

The above scalar product is used in the standard Malliavin calculus. In 
our framework, for every fixed t, 5 > we define 

(V,U) t ,s,k ■= E V a (s 1 ,...,s k )U a (si,...,s k )dsi,...,ds k , 

\V\l 5 , k :=(V,V) tAk = f E \V a (s 1 ,...,s k )\ 2 ds 1 ,...,ds k . 

For F G D k,p , we define the following Sobolev norms: 

\\ F \\ 2 t,5,k- = J2\ DiF \ls,i = J2 E / \D^ Si F\ 2 ds u ...,ds h 

mis** ■ = ^(ii^*). r ww ■■= \\n p t, SAp - Etiwn 

Moreover, for a multidimensional functional F = (iq, . . . , F q ), we denote 

\\ r \\t s 5,k,p ~ Z-"i=l lr*llt,(5,fc ( p- 

Notice that ||-P||t !( 5fe p is not a constant (as in the standard case), but 
an immeasurable random variable. Notice also that using H-FHt^fc^ instead 
of the standard norm ||-F||fc iP = ||.F||o,oo,fc,p amounts to using the differen- 
tial calculus with respect to B s ,s £ [t,t + 5], only and taking conditional 
expectations instead of the usual expectation. 

In the sequel, we will employ the following inequality. There exists a 
universal constant fi(k) such that for every F E D k ' p , every p > 1 and every 
4> E C k , one has 

(2) lll0(i ; Olllt,^^M(fc)ll0lU,oo|||^||lufc,2 fc P' 
where ||</>||fc,oo := 

max i= o ) fcSup a , eR |</>W(2;)|. This is a straightforward conse- 
quence of the chain rule and inequality (22) from the Appendix. 

We now define the Ornstein-Uhlembeck operator Lf $ associated to B s , s E 
[t, t + 5], by 

L M F = E / D^FdBl, 
i=i Jt 

where the above stochastic integral is the Skorohod integral (see [16] or [14]). 
If F E Dom(L), where L is the standard Ornstein-Uhlembeck operator, then 
L t: §F is well defined. In our framework, we will assume that F E HpgTv D k+2 ' p 
for some k E N and so, in view of Meyer's inequalities, F G Dom(L) and 
LFef) p€N D k ' p . We will use the following form of Meyer's inequality which 
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is proved in [16]: there exists an universal constant c{k,p) such that for every 
F£f)reND k+2 < r , 

( 3 ) \\Lt,sF\\ t ,s,k,p < c(fc,p)|||-F|||t )< y i fc + 2 (P . 

In the sequel, we assume that c(k,p) increases in both k and I. If not, we 
take the maximum over k' < k and pf < p. 

It is easy to check (the standard argument) that for F,G£ D 2 ' 2 , 

E t ({DF,DG) t> s,i)=E t (FL t>s G) = E t (GL tiS F). 

Here and in the sequel, we use the notation D instead of D . 

This is a conditional version of the standard duality relation which is 
the starting point for Malliavin's calculus. The same arguments as those 
used in the classical case give the conditional version of the integration by 
parts formula presented in the following theorem. Before stating this result, 
we define the Malliavin covariance matrix corresponding to [t,t + 5}. Let 
F = (F 1 ,...,F g ),F u ...,F q e D 1 ' 2 . We define 

ftt^F '■= i DF ii DF j)t,8,u i,j = l,...,q. 

We now state a localized version of the nondegeneracy assumption in 
Malliavin calculus. We consider a measurable set A C {det <pt,s,F ^ 0} and 
denote 

v P (F, A) = (Et(l V (det^ i5)F )-fl A )) 1/p . 

We assume that v p (F,A) < oo for every p £ N and denote by <f>t,8,F(u) the 
inverse of (j>t,s,F{^>) f° r w£A We denote by D\ the class of random variables 
G £ C\ P eN such that G(u) = and D i G{u) = 0, i = 1, . . . , jfc, for u G 
A c . The following lemma gives the localized version of the nondegenerancy 
condition: 

Lemma 1. Let F = (F 1 , ...,F q ) with Fj e D^ 1 , i = l,...,q, and G = 
(Gi, . . . , Gq) with G{ G D\, i = 1, . . . ,q. Assume that v p (F, A) < oo for every 
p G N. Then 4>t : s,F x G G (f] pGN D k,p ) q . Moreover, there exists a universal 
constant c(k, q) such that for every p > 1, 

The proof is straightforward and so we leave it for the Appendix. 
The same proof as in the standard case gives the following integration by 
parts theorem: 

Theorem 2. Let F = (F 1 ,...,F q ) with F 1} . . . ,F q e f] peN D 2 ^. Con- 
sider a measurable set A such that v p (F,A) < oo for every p G N and a 



8 V. BALLY 

random variable G G D\. Then for every smooth function f:R q ^R and 
every i = 1, . . . , q, one has 

E t (^{F)G) =E t (f(F)H i (F,G)) 

(IP,) 

with Hi(F,G) =-f^(G% l A F L tA F i) + {DFj,D(^ SiF Cf)) ti s tl ). 

7=1 

Suppose that F x , ■ ■ ■ ,F q G f] peN D k+lp and G G D k A for some k G N. Then 
for every multi-index a = (a±, . . . , G {1, . . . , q} k , one has 

Et(D a f(F)G) = E t (f(F)H a (F,G)) 

(IPa) 

with H a (F,G)=H ak (F,H (ai _ ak _ l) (F,G)), 
where D a f = d k f / dx ai dx ak . 

We now give some evaluations of the norms of H a (F, G) . 

Proposition 3. Suppose that F 1 ,...,F q e C\ P £N D k+l+2 ' p and G G D 1 ^ 1 
for some k,l(zN. Then there exists a universal constant c(k,l,q) such that 
for every multi-index a with \a\ = I and every p G N, one has 

\\H a (F, G)\\t,s t k,p 

(5) ^ i 

< c(k,l,q) x IIGIIt^fc+^aaip^i^+^^l^^lll^lll^^+^aK^jp- 

In particular (taking k = 0, I = q + 1 and p = 1), there exists two universal 
constants depending only on q, c* =c*(q) and p* =p*(q), such that 

(6) E t (\H a (F,G)\) < c^G^^v^iF^im^SS^^ 
for every multi-index a with \a\ < q + 1. 

We leave the proof for the Appendix. 

To finish, we give the following simple fact concerning the Malliavin co- 
variance matrix. We denote by X t s F (resp. M,S,f) the smaller (resp. the 
larger) eigenvalue of (j>t,s,F. They are given by 

i i 
&t,6,F = jnf &t3<f>t,6,F> X tAF = sup ^ ZitjttW 

141 1,1 = 1 lf| =1 i,7=l 



Proposition 4. Let F,G£ (D 1 ^. Then 

(det <p t ,s,F+G) 1/q > lh,s,F ~\s,g- 
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Proof. Using the elementary inequality (x + y) 2 > \x 2 — y 2 , one obtains 

00 rt+8 ( 1 \ 2 

(det <P t ,8,F +G ) l/q > hAF+G = ,mf E / E + G l ) ds 

00 ft+8 / I \ 2 

00 rt+8 ( 1 \ 2 

\Z\=i r =i Jt \i=i J 

= \h,,8,F - At AG- 1=1 

2.2. Short-time behavior and density evaluations. We consider some mea- 
surable processes h lJ (s),s £ [t, t + 6] , i = 1, . . . , q, j G N, such that h %3 (s) is 

K-measurable and we assume that J2i=i ET=i Jt +S 1^0) I 2 ds < 00. We de- 
fine 

00 rt+5 

Since h(s) is i^-measurable, conditionally with respect to Ft, J{h) is a Gaus- 
sian vector with covariance matrix 

00 r t+5 



^ rt+d 

C ij (J(h)) = E J h ik (s)h jk (s) ds. 



k=l 

Given some immeasurable random variable V = (V 1 , . . . , V q ), we define G = 
V + J(h). That is, 

00 rt+8 

G i = V i + Y J h ij (s)dB j (s)=V i + J l (h), i = l,...,q. 
3=1 Jt 

Moreover, we consider a deterministic symmetric positive definite matrix 
M and denote by Am the smallest eigenvalue of M. We assume that Am > 
(so that M is invertible) and define 



IMIm-i = \J{M 1 x,x), 

where (•,•) is the scalar product on R q . 

Given a point z £ R q , a number a > 1 and a set A C {to : \\V(u>) — z||jvf-i < 
1} we consider the following hypothesis. For every u € A, 

(Hi, a, A, z) aM>C(J(h))(u)>M. 

Note that, in particular, we have 

detM <detC(J(/i))(w) <a 9 detM. 
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Finally, we consider (j):R q ^R denned by 4>(x) = cexp(— pziop ) f° r \\ x \\ < 
1 and 4>(x) = for ||x|| > 1, with c chosen such that f<f> = l. We construct 
the sequence <p v — > 5q defined by <p v (y) = rj~ q (f)(r]~ 1 y). 

Lemma 5. Suppose that (Ri,a,A,z) holds true. Then for every rj £ (0, 



E t (UO -*))M lor^A. 

Proof. Conditionally with respect to Ft, G — z is a Gaussian random 
variable and so we have 

Eti^G - z)) = [ </> v (y) 



(27r)9/VdetC(J(/i)) 
x exp(--\\y- {V ~ z)\\ 2 c{J{h)) -i 



If (j) v (y) t^O, then ||y||c(j(/i))-i < IMI/VAm < ??/ V^m < 1. Moreover, in 
view of our hypothesis, \\V — ^HcTjfh))- 1 — \\V ~ -^IIm- 1 < 1 so that 

exp(-i||y — (V — «)||cr(j( h ))-i) > e" 2 - 
Since J 4> v = 1 and detC(J(/i)) < o 9 detM, the proof is completed. □ 

The following evaluation concerns a perturbation of G by means of a 
remainder which is small in an appropriate sense. We consider a q- 
dimensional random variable R = (R 1 , ...,R q ) such that R 1 £ D£Li D q+2>p , 
i = 1, . . . ,q, and we define 

^ = (^ + # = 1/ + J(/t) + R = V + M l / 2 (I(h) + ifo) 

with = M~ l l 2 R and J(/i) = M~ 1 / 2 J(/i) = J(M~ l / 2 h). Here, M 1 / 2 is 
also a symmetric invertible positive definite matrix such that M l / 2 M 1 / 2 = 
M. The random variable 1(h) will play a role in the following reasoning. 
Although not a standard normal random variable, it is not far from this; 
more precisely, under the hypothesis (Hi, a, A, z) , one has 

(7) 1 < inf (C(I(h))$,£) < sup (C(I(h))U) < « on A. 

Il£ll=i ||c||=i 

Given z,A,a as in (K2,a, A, z), we assume that for every to G A, 

(H 2 ,a,A,z) \\RAl\\t,5,q+2,P q < a 4( q +i)2 c 



LOCALLY ELLIPTIC ITO PROCESSES 11 

with 

p, = 2 2 fo+V(?), 

(8) 

C q = c*(q)fi(q + l)e 2 (2^)^ 2 4 3 ^+ 3 ) 3 (q + 1)*+ 3 , 

where c*(q),p*(q) are those which occur in Proposition 3 and (i(q) is that 
which occurs in (2). 

Remark 6. The above constants are neither optimal nor particularly 
important. What we need is simply to express C q and p q as universal con- 
stants depending only on the dimension q. 

Remark 7. In concrete applications we verify that ||-RA/||i,<5,<?+3,p < CA X 
for some A, A > 0. We then require that A x be sufficiently small in order to 
verify the above inequality. In the context of diffusion processes, A = \ and 
in the context of the stochastic heat equation, A = \ (see [13] or [2]). 

We also let 

H+5 1 00 



% m\ 2 ds 

i=l 1=1 



and note that 



\s,R M = SU P H iiij{DR l M ,DR 3 M ) tA1 



rt+8 00 

sup / ^,i^M) 2 ds<A 2 . 
\Z\=i Jt i=i 



rt+S 00 

l€l= 

The key evaluation in our approach is given by the following proposition. 



Proposition 8. We consider a point z G R q , a set A C {uj : \\V(uj) — 
^Hm- 1 — 1} an d some n G (0, \/Am)- Suppose that (Hi, a, A,z) and (Hi, a, A,z) 
hold true. Then 

Pv (z)(uj) := E t (cj, v (F - z))(u) 
(9) 1 

> ; — . for uj £ A. 

4e 2 (2vra)9/VdetM 

Remark 9. Let us give the main ideas of the proof. We write O = rur c , 
where T is a set on which the Malliavin covariance matrix of F is sufficiently 
large and r c is a set on which we do not control the nondegeneracy of F, but 
which is supposed to be small [in the proof below, we work with G which 
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is a regularization of the indicator function of T, so 17 = T U T c becomes 
1 = + (1 — ©)]. The key question is how we control things on T c , when we 
have no information about the nondegeneracy. We write 

E t ^{F -z) = E t {(j) v (F - z)± T ) + E t (M F ~ *)*-T°) 

> E t {<j> v (F - z)l T ). 

The above inequality allows us to ignore T c . Then, following an idea in [13] 
we use a development in Taylor series of order one to obtain Et((fi„(F — 
z)lr) = Et(4>ri(G — z)H-t) + r ; where r is a reminder. We are able to evaluate 
this remainder using Malliavin's integration by parts formula because we 
are working on the set T on which the Malliavin covariance matrix is under 
control. In order to control the first term, we have to "come back to the whole 
space," that is, to write E t (<p v (G - z)1y-) = E t (4> v (G—z)) — E t (4> v (G-z)l r c) . 
The previous lemma gives the needed evaluations for E t ((pr]{G — z)), which 
is the principal term, but we must also evaluate Et((p ri (G — z)1t c ). But 
(contrary to F), G is nondegenerate on the whole space, so we are able to 
treat this term, even if we are on T c . 

Proof of Proposition 8. Since t and 5 are fixed, we will drop them 
from the notation. So, we write <\>p instead of 4>t,6,F, ll-^llfc.p instead of 
\\F\\t,8,k, P , and so on. 

Step 1. Localization. In the sequel, we will assume (without special men- 
tion) that we are on the set A and, in particular, that || V — ^Hm- 1 — 1- Since 
1(h) is Gaussian, its Malliavin covariance matrix coincides with the usual 
covariance matrix. Moreover, A/(/i) > 1 [see (7)] and so, using Proposition 4, 
we obtain, for every p E (0, 1), 

{&et(j) I{h)+pRM ) l/q > \h(h) ~ \r m — 1 ~ P^Rm >\~^ 2 - 

The aim of this step is to localize on the set on which A < 1/2 and con- 
sequently det 4>i(h)+ P R M > 1/4 9 . We consider a localization function 9 E 
C£°(R + ;R + ) such that < 9 < 1, 9{x) = 1 if x < 1/4 and 0(x) =0 if x > 1/2 
and we denote O = 0(A). We may (see [10], Chapter 1) choose 9 such that 
for every < k < q + 1, one has ||0 (fe) ||oo < m(q) := 4 q+3 (q + l) q+3 . 

Step 2. Sobolev norms. Let us evaluate the Sobolev norm of G. First, it is 
clear that ||9|| p = (E t \e\ p ) 1/p < 1. Using (2) and (23), we obtain 

|||0(A)||| g+w < n(q + l)m(g)|||A||| ?+1)29+2p » 

< 2«+V(<7 + l)rn(q)\\\R\\\ q+2j2 2 q+3p * < 1, 

the last inequality being a consequence of (H2,a, A, z). We conclude that 

||@||<?+l,2p* < 2. 
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We now evaluate the Sobolev norms of 1 — 0. Since < < 1 and = 1 
on the set denned by A < 1/4, we have 

/ i \ i/p / i \ Vp 

<4E t (An 1/p <lQ\\\R M \\\l 2p - 
Since D k (l — 0) = —D k Q, the same evaluation as for gives |||1 — 0|L+i p * < 

q+2,2 2 l+ 2 p* so that 

111 - ®\\ q , P * < (16 + 2« r+ V(5 + 1M</)) lll^lll 

Finally, we evaluate the norm of 1(h). Note that DiP(h) = (M~ 1/2 h s ) ij , 
i = l,...,q, j e N and D a I{h) = for |q| > 1. Since \(D s P(h), 
D s P{h))!\ds = {M- l / 2 C{J{h))(M~ l l 2 )*yi < a, we use (7) and obtain 
\\\I(h)\\\k,p<a. 

Step 3. Development in Taylor series of order one. We first localize (mul- 
tiply by 0) and then use a development in Taylor series with respect to R 
in order to obtain 

p v (z) > E t (<j) v (V -z + J{h) + R)Q) 

= E t {4> v (G - z)Q) + f 1 E t ((V(f> v (V -z + J(h) + pR),R)@) dp 
Jo 

= :A + B. 

Let us now evaluate the remainder B. We define 

$„(x) =: f * dy x ■ ■ ■ r dy q 4> V (V - z + M^y) 

J —CO J — oo 

so that 

We also have 

V4>JV-z + M l ' 2 x) = M~ 1 / 2 vf &q ®\ \(x) and 0<%(x)< , 1 

\dxi---dx q J VdetA 

The last inequality is obtained using the substitution x = V — z + M 1 ' 2 y 
and the fact that / (f)„ = l. 
We now write 

E t {{Vcj) v {V -z+ J(h) + pR),R)@) 

= EtdV^iV - z + M l / 2 (I(h) + pR M )),R)e) 
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We use Malliavin's integration by parts formula q + 1 times to obtain 

E i a Xidxl ..W Iih)+pRM)RlMe 

= \E t {%(I(h) + pR M )H ilj2t ... }qji) (I(h)+pR M ,B i M &))\ 

< : j==E t (\H {1 ^ i) (I(h) +pR M ,R i M Q)\)- 

We will use Proposition 3 in order to evaluate the above term. Using the 
notation from Theorem 2 with F = 1(h) + pRm,G = QRm and k = q + 1, 
we define the localization set A := {A < 1/4} [note that, since 6^ (A) = 0, 
i = 0, . . . ,q + 1, for A > 1/4, R\j& and its Malliavin derivatives vanish on 
A ]. Since det <t>i(h)+ P R M > 1/4 9 on A, we obtain 

V (/(/0 + P#M, A) = V det 0/(/ l ) +P K M )" P *l{A<i/4})) 1/p * <4". 

Moreover, using (22) and the evaluations from step 2, 

l|i*ii/e|| 5+ i iP . <2 9+1 ||i? M || g+li2p .||e|| g+ i, 2p . <2 9+2 ||i?A/|| g +i,2 P - 

Finally, using the evaluations for 1(h) and hypothesis (H2, a, A, z), we obtain 

\\I(h) +pR M \\q+2,p* < \\I(h)\\ q+2 ,p* + \\RM\\q+2,p* < 2d. 

It follows (see Proposition 3) that 

E t (\H {1>2> ^ i p(h) + pR M ,R i M@)\) 

<c*x 4^+i) 2 x 2i +2 \\R M \\ q+h2p » x (2a)^ +1 )( 4 "- 1 ) 
< C *x4 3 (" +1 ) 3 || J R A/ || g+1 , 2p ,xa(" +1 )^- 1 ) 
and, consequently, that 

\Et((V<h(V -z+ J(h) + P R),R)Q)\ 

(4g-l)(g+l) 

< g X X C* x 4 3 ^ +1 ) H/EmII^W 

1 

< 



4e 2 (27ra)9/ 2 \/d^tM' 

the last inequality being a consequence of (H2, a, A, z). Finally, B satisfies 
the same inequality. 

We now evaluate A. We use the previous lemma to obtain 

EA6JG - z)) > 1 - 

VW " e 2 (27ra)9/2v^etM 
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In order to evaluate E t ((ftri(G — z)(l — ©)), we integrate by parts q times 
with respect to 1(h) obtain 

E t (<f> v (G - z)(l - 0)) = E t (<p v (V - z + Af 1 / 2 /(/ i ))(l - 9)) 

= E t (%(I(h))H [h2 _ q) (I(h), (1-Q))) 

< (det My^E^H^ ..., q) (I(h),(l -0))|). 

Using Proposition 3, the fact that Xj(h),t — 1 an d the evaluations from step 
2, we see that the above term is dominated by 

(detMr^v x iii-eiu x wmwftt* 1 ^ 

< (det M)- l l 2 c* x (16 + 2 q+1 fi(q + l)m(q))\\\R\\\ q+2 ,&*+*p' x a" (49 " 5) 
1 

< 



2e 2 (27ra)9/ 2 v / detM' 

the last inequality being a consequence of the hypothesis (H2, a, A, z). It 
follows that 

Et(4>r,(G - z)Q) = Et(<j>T,(G - z)) - EkMG -z)(l- 6)) 

1 



> 



2e 2 (27ra)9/ 2 v / detM' 
Finally, using the evaluation of \B\, we obtain 

p v (z) > ——L—== - \B\ > 



2e 2 (27ra)"/ 2 VdetM 4e 2 (2vra)9/ 2 VdetM 
and the proof is completed. □ 

2.3. Evolution sequences. In this section, the following objects are given: 

• A time grid ILv = (to, ■ ■ ■ , *iv) with Q = to <t± < ■ ■ • <tw = T. We denote 
$k = tk — tk-i- 

• A sequence of matrixes k = 0, . . . , N, which are deterministic, sym- 
metric, positive definite and invertible. We define by the lower eigen- 
value of Mk and define the norms 



x h = \\x\\ M -i = \J (M k 1 x,x). 



-1/2 



Clearly, \\x\\k < A fc ||x||. We also consider a sequence of numbers > 1 

\\x\\k < Hk\\x\\k-i 



such that HiMk > M^_\ in the matrix sense. This is equivalent to 
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and this is the inequality that we need. 

• A sequence of numbers a k > 1, k = 0, . . . , N. 

• A sequence of points x k € R q , k = 1, . . . , N, such that 

W-^k ■Ek— l||fc — 4' 

• A sequence of measurable processes h k J (s),s£ [tk-i,tk], i = 1, • • • ,q, j'£ 
N, such that is F tfe _ 1 -measurable and £?=i YljLi It^ \ h t \ s )? ds < 
oo almost surely. We define 

4 = E/ h*H8)dB*{8). 

Conditionally with respect to Ft k _ 1 ,J k is a Gaussian vector with covari- 
ance matrix 



C l] {J k ) = Y. / hi(s)h{\s)d S . 



i=i ■ 

• We now introduce the main object of this section, the evolution sequences. 
We consider a sequence of -Revalued random variables Fq, . . . , Fn of the 
form 

00 rtk 

F k = F fc _x + J2 / K( s ) dBi{s) + R k = F k _t + J k + R k , 

where R k are g-dimensional Ft k -measurable random variables. In partic- 
ular, Fq is a constant. 

We are interested in the density of the conditional law of F k with respect 
to Ft . Since we do not know that a conditional density exists, we work 
with the following "regularization of the conditional density" : 

Pri,k{z) = E tk _ 1 (<t>r,{F k - z)) . 

This quantity makes sense independently of any nondegeneracy as- 
sumption. 

• Finally, we define the sets 

(10) A k = {oj : \\Fi-i (u)-Xi\\i<±,i = l,...,k}€ . 

Definition 10. We say that Fq, . . . ,Fn is an elliptic evolution sequence 
if R\ G fl^=i D q+2 ' p , i = l,...,q, k = l,...,N, and, on the set A k , one has 

(H,i) a k M k > C{J k ) > M k , 

(H,ii) l|M" 1/2 ii fc || tfe _ lAig+2iPg < 



Lj q a k 



where C q and p q are as given in (8). 
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Remark 11. The framework of the above definition is inspired by the 
one introduced by Kohatsu-Higa in [13]. 

The time grid ITv, the path x = (xo, . . . , xjv) and a k , Hk, k = 

1,...,N, are the parameters of evolution sequence and all evaluations are 
given in terms of these parameters. 

As a consequence of the proposition from the previous section, we have 
the following result: 

Proposition 12. Let Fq, . . . ,Fn be an elliptic evolution sequence and 
let k € {1, . . . ,N}. For every z € R q such that \\xk — z\\k < \ and every < 
V < V A-k, one has 

P ^ {Z) * 4e^aJr Wdet M k ° n ^ S6t Ak - 

Proof. Suppose that we are on the set Ak- Since \\xk — z\\k < |, we have 
ll-Ffe-i - z\\k < \\F k -i - Xk\\k + \\xk ~ z\\ k < \ + \ = 1 and so A k C {\\F k -i - 
z\\k — !}■ Since we have an elliptic sequence, the hypothesis (H%, ak, A k , z) 
and (H2,ak,Ak,z) hold true and we may employ Proposition 12. □ 

2.4. Tubes evaluations. The aim of this section is to give lower bounds 
for P(An). We first prove the following lemma: 

Lemma 13. For every r\ G (0, Ak-i), one has 

(11) P(40>-E(Wi / , Pn,k-i(v)dy 

V Hh-Xk-iWk-i^ii/iH^-v/y/A^} 

PROOF. We write 

P(A fc ) = E(l^_ 1J B ffc _ 2 (l { || Ffe _ 1 _ ;Ife | U < 1/2} )) 

= E ( 1 A k - 1 E tk _ 2 (J dy^iFk-i-y)!^^-^^!^ 

the second equality being a consequence of / <f> v (Fk-i — y)dy = J 4> v (y) dy = 
1. 

Using the time-space relation — ^fe||fc <■ 1/4 and the definition of 

Hk, we obtain 

\\Fk-i - %k\\k < 4 + ||Pfe-i — aifc-illfc < 4 + Pfc||Pfc-i — Zfc-illfc-i 
< i + iJ fc (||F fc _i - y||jfc_i + \\y - xjfc_i||jfc_i). 
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If 4> v (Fk-i - y) 0, then ||F fc _i -y\\<rj and so - y\\k-i < rj/ y/^k-i- 

Consequently, 

\\Fk-i ~ x k\\k < \ + Hk (~^^ = + \\V ~ x k-i\\k-ij ■ 



Moreover, if \\y - x fe _i|U_i < (l/4if fc ) - rj/ y/A k -i, then ||F fc _i - < 1/2 
and so we may drop this restriction from the integral. We obtain 



E t k -2 



> , Et h -M F k-i-y)) d v 

lr \\y-x k . 1 \\ k ^ l <(l/4H k )~r,/^%~^} 



and the proof is completed. □ 



( 12 ) P W * ^TTT^T— — 



Corollary 14. Let F k , k = 0, . . . , N, be an elliptic evolution sequence. 
For every k = 1, . . . , N , 

1 

8«+ifl«e 2 (2go fc _i7r)«/ 2 ' 
In particular, 

f i N JV-liV-l 1 

-j iV-l , iV 

(14) = ln(8 2 e 2 (2g7r) 1 /2) + £ lnafc + £ lnFfe . 

fc=l fc=2 

Proof. We take n = ^^K^ so that (l/4ff fc ) - ??/v/A^ = l/8fl" fc . 
Using Lemma 13, 

P^^eIia^ f Pn,k-i(y)dy). 

V ■'{[|j/-a:fc- 1 [U- 1 <l/8Hj fe } / 

Since ii/j. > 1, one has ||y — < l/8H k < 1/2. We are on the set A k _i 

so we obtain \\F k _ 2 - x k -i\\ k -i < \\F k -2 - x k -i\\k-i + \\y ~ x k -i\\k-i < 1- So, 
we may use Proposition 12 in order to obtain a lower bound for Pn, k -i(y) 
and then 

P{Ak) * 4eH2,a k Jr^ det M k _A h " " 
where m is the Lebesgue measure. We use a change of variable and the 
inequality m(||x|| < r) > (r / \/q) q in order to obtain 

=m( ||y - Xfc-xUfc-i < — - J > (8H k ^/qy q . 



ydetMfcZT V" " 8H k 
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It follows that 

P{Ak) * 4^(2^)^ X X P{Ak ~ l] 

and (12) is proved. In order to prove (13), we employ recurrence to obtain 

f 1 \ N ~ l N 1 / 

Since \\Fq — xi\\i = \\xq — Xi\\i < i, (13) is proved. □ 



2.5. The main result. Our final result is as follows. We look for lower 
bounds for the density of Fn . We say that the law of Fn has a local density 
Pf n in a neighborhood of xn with respect to the Lebesgue measure on R q 
if there exists some 5 > such that for every smooth function ip with the 
support included in the ball L>s(xn), one has 

Eip(F N ) = / ip(x)p FN (x)dx. 



Theorem 15. Let Fk, k = 0, . . . , N be an elliptic evolution sequence. 
Suppose that the law of Fn has a continuous local density pf n in a neigh- 
borhood of xn with respect to the Lebesgue measure on R q . Then 

PFn[Xn) ~ 4e2(27ra JV )^ 2 VdetW e 
with given as in (14). 

Proof. We use Proposition 12 and the fact that An is Ft N _ 1 -measurable 
to obtain 

PF N (x)(f)r ] {x - x N )dx = E{cj)JF N - x N )) = E{E tN _^ r ,{F N - x N )) 

m 

> E(E tN ^ v (F N - x N ))t AN ) 
~ 4e 2 (27rajv)9/ Vdet M N P ^ 

> 1 e ~Nq8 

~ 4e 2 (27rajv)9/VdetM7v 

We now use the continuity of pf n and take the limit with r/ — > in order to 
obtain the result. □ 
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3. Elliptic Ito processes. We consider a ^-dimensional Ito process of the 
form 



Xt = 4 + J2 / / Vids, i = l 

._, Jo Jo 



.q. 



3=1 

and assume that for every T > 0, 



U s \\ 2 + \V s \)ds) <oo 



(ii) cT s ,y s G p| D q+2 ' p V0<s<T 



with 



g oo 



M 2 =EEra 2 and i^i 2 =Eiki 2 - 
i=i j =i i=i 

We fix T > and y € R q and study the density of the law of Xt in y. 
In order to do this, we have to give a nondegeneracy assumption on Xt 
and this assumption is related to a deterministic path from xq to y, that 
is, a continuously differentiable function x:[0, T] — > R q such that x(0) = 
xq and x(T) = y. We also consider continuous, strictly positive functions 
r,K : [0, T] — ► R + and a number a > 1. The significance of these functions 
is as follows. We work on a tube around the deterministic path x(t); r(t) 
represents the radius of this tube and K controls the small increments of our 
process. The number a comes on in the ellipticity assumption. Finally, we 
consider a family Qt,t€ [0, T], of symmetric, positive definite and invertible 
matrixes. We denote 

oo 

C^{U t ) = Y J U ll (t)W\t), 
1=1 

00 rt+8 r t+8 



^ ft+6 ft+0 

r ^) = E/ t (U.-U t )VdB* + J V* 



ds. 



3=1 

Our ellipticity hypothesis as follows. 

Definition 16. Let v > 0. We say that the path x is (r,K,a,Q,v)- 
elliptic for X if for every < t < T and < 5 < T — t, 

(H,i) axQ t >C(U t )>Q t , 



(H",ii) \\Q t 1/2 T s (t)\\ tAq+2 , Pq < K{t)5 1 ' 2 + v 

on the set {to: \\X(t,u>) — x(t)\\Q-iM < r(t)}. Recall that p q is given in (8). 



LOCALLY ELLIPTIC ITO PROCESSES 21 

We need some more notation. Given m > l,h > we denote by L(m,h) 
the class of the strictly positive functions / : [0, T] — > R + such that 

(15) f(s)<mf(t) iov\s-t\<h. 

If the above inequality holds true for every t and s in [0, T], then we take 
h = co. 

Moreover, we say that Q E L(m, h) if 

(16) ||x||q-i < m||x||g-i for t < s < t + h. 

Note that this is still equivalent to Qt < m?Q s . 

Theorem 17. We suppose that the law of X? has a continuous local 
density in y and that there exists a path x(t), t G [0,T] such that x(0) = 
x,x(T) =y and which is (K, a, r,Q,v)- elliptic for X. We also consider two 
functions ir t , 7t such that 

7r(t) < mm{r\t), (C^a 4 ^ 1 ) 2 )" 1 ^} , 
\\d t x t \\ QT i = ^{Qi 1 d t x u d t x t )< 1 {t) Vie[0,T], 

where C q is given in (8). Finally we assume that Q E L(mQ, /iq), vr E L(m T , /ijr), 
7 E L(m 7 ,/i 7 ) /or some constants mQ^m^^m^ > 1 and hQ,h n ,h.y > 0. PFe 
denote h := hQ A h T A h^. Then 

PT ^ y) ~ Ae 2 (2TrTm Q a)^^tQ^ 



a 

x expl — gl a H — I x 



' ~ + "r(t) 

where a = ln(8e(2-/r(7) 1//4 ) + lnmg + 41nm 7 + lnm^. 



Remark 18. We may take jt = \\9tXt\\ n -i, but in concrete examples, it 

may be difficult to work with this function (to compute m 7 , e.g.) — this is 
why we allow jt to be larger. The same holds for ir. 

Proof of Theorem 17. Step 1. We define a time grid t k ,k E N, in 
the following way. We take to = and, if tk is given, we define 

f f tk+u 2 1 1 

r fe = inf|«>0:^ 7 S ds > j^t j , tk+i = tk + h A ir(t k ) A r k . 

We put N = mm{k : t k > T} and claim that 

rT 

(17) N< 
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In order to prove this, we denote I = {k < N:t k+ i — t k = r k }, I' = {k < 
N : ifc+i — t k = 7r(tfe)} and I" = {k < N : t k+ i — t k = h} and write 



ft k +7T(t k ) m rt k +h I 

+ V / —rk dt +Jl v dt - 

kGP Jt k At) keI „Jt k ^ h 

We claim that all terms in the above sums are greater than one; hence, (17) 
holds true. For k £ I, this follows from the definition of Tk and for k E I", it is 
trivial. Suppose, now, that k £ I' and note that in this case, ir(tk) <h <h n . 
Then ir(t) < m T i(^) for t k < t < t k + vr(tfc) and so 

*fc+^(*fc) m 

-^rdt>l. 

The proof of (17) is thus completed. 

Step 2. We define an evolution sequence as follows. We define 5k ■= tk — 
tk-i, F k = X(t k ) and write 

00 ftk rtk 
F k = F fc _x + ]T / U'dBl + / V s ds = F k -! + J k + Rk 



3=1 



with J k = ET=i III, U j (tk-i) dBi and R k = T Sk (t k -i). 

Coming back to the notation concerning the evolution sequences, we 
have h k {s) = U(t k ^ x ) for s G [t k _ u t k ) and so C{J k ) = <y fc C(l7(t fc _i)), M fc = 
S k Q(t k -i) and a fc = a. 

S'tep 3. We denote H k =: mQ(m^ V m^) and check that H k M k > M k -±, 
that is, H k S k Q(tk-i) > 5 k -\Q{tk-2)- Since 5 k < h < Hq, we use (16) to ob- 
tain m,QQ(tk-i) > Q{tk--ij- So, it suffices to show that (H k /mQ)5 k > S k ~i, 
which reads 

H(h A n(t k -i) A T k _x) > h A vr(t fc „ 2 ) A r fc „ 2 

(*) 

i? 2 

with : = — — = mt V m,,-. 

Since H > m n and t k ~\ — t k ~2 <h< h n , we have Hir(t k _i) > ir(t k _2) and 
so 

(**) H{h A7r(t fc _i)) > /iA7r(t fc _ 2 ). 

If Hrk-i > h > /i A TTh(tk—2) ATfc_2, then (**) guarantees that (*) holds true. 
We now consider the case where Hr k -\ < /i and, in particular, Tfc_i <h <hy 
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(because H > 1). For every t G [tk-2, + Ht^-i), one has |i — tk-i\ <h< 
h~/ so we may use (15) (twice) to obtain 



/■tfc_ 2 + J HT fc _ 1 ]_ 
Jt k _9. '""y 



fc— 2 ""7 

F ftk-l+Tk-1 HI 1 

> — r / <yfdt = —r ^-> rr. 

" y tfc _ 1 16m^ " 16m| 

This proves that Ht^^i > and this, together with (**), gives (*). 

Step 4. Our aim is to check that F^, k = 0, . . . ,N, is an elliptic evolution se- 
quence (see Definition 10). We take Xk ='■ x(tk)- We will first check the space- 
time relation ||x(ijfc) — x{tk-\)\\k < \- We write x(ifc) — x(tk-i) = f t k dtXtdt 
and using (16), we obtain 



\x(t k ) - X(t k -l)\\k 



dtx t dt 

fc-i 



< 



1 f tk 



?-!(*fc-i) v4 4-i 



\dtx t \\ Q -i { t k ^)dt 



< 



\dtx t \\Q-i(t)dt<—^= j(t)dt 



4 v4 4-i 

<mQ U 7 (t)d v < 



4 : 

the last inequality being a consequence of the definition of Tk- So, the space- 
time relation is verified. 

Moreover, if uj € Ak [see (10)], we have ||x(ijt) — X{tk~i)\\k < \ and so 

\\x{t k -i) - X{tk-i)\\q-m k .. x ) 

< V4(lk(ifc) - x(tfc-i)||* + - X(t fc _i)|| fc ) 

<yfh{\ + \)<V5k<r{t k - X \ 

the last inequality being true because 5k < ir(tk-i) < r(tk-\) 2 . We have 
proved that A k C {||x(t fc -i) - X(i fc _i)||Q-i (tfe ^ < r(i fe _i)}, so we may use 
the hypotheses (H,i), (EF,ii). 

Using (H,i), we obtain a k M k = a5 k Q{t k -i) > C(J k ) = 5 k C(U{t k -i)) > 
5kQ(tk~i) = M k . In particular, det C(Jk) < a5k det Q{tk-\). 

Since M^ 1,2 R k = <5fc 1/2 Q~ 1/2 (^.-i)r\ (i^), the hypothesis (H",ii) gives 



\M- 1/2 Rk\\ tk _ u 8 k , q+ 2, Pq < K(t k -iK < -cJt^i 



the last inequality being a consequence of 5k < 7r(ifc_i). So, we have proved 
that we have an elliptic evolution sequence. 



24 V. BALLY 



Step 5. We are now able to use the density evaluations from the pre- 
vious section. We note that J2k=i m -fffc < himg + 41nm 7 + lnm^ and 
2F SfcLi lna = |, there by obtaining 



JV i AT 



- ln(8 2 e 2 (2vrg) 1 /2) + J_ y lna + 1 y lni?fc < a + °L 
2 V V ^ ; ; 2qN ^ AT 2 



fc=2 



Further, note also that o"/ 2 (det Mn) 1 ' 2 = a^^S^ 2 ^det Q(tjv-i) < a^ 2 m q ^ 2 x 

Ti/ 2 ^detQ{T). Finally, we use Theorem 17 and our evaluation (17) for N 
to obtain 

PT{X0 ^- Ae 2 (2^WdetM N e ~ Nqe 

1 

> 



4e 2 (2-KTm Q a)i/ 2 ^detQ(T) 

x exp (a + x (i + ^ + 16m 2 Q7 f ) dt 

and the proof is thus completed. □ 

4. Diffusion processes. In this section, we will study the diffusion process 
X which is the solution of the SDE 

d 

dX\ = y a){X t ) dB{ + b\X t ) dt, i = l,...,q, 

3=1 

X = x . 

We fix gj G {0, 1}, z = 0, . . . , q, and denote 

<? 

AT 2 (x) =:e + J2 £ i\ xi f- 

i=l 

We assume that the coefficients a and 6 are of class C q+2 and verify that 
(A,i) max(||a*(x)|| + \b\x)\) < C N(x), 

(A,ii) max(||a*(x) - a\y)\\ + \b\x) - b\y)\) < C \\x - y\\, 

(A, iii) max max(\D a a)(x)\ + \D a b\x)\) < C . 

|a|<q+2 i,j J 

The reason to use N(x) (instead of the usual Euclidean norm) in order to 
control the growth of the coefficients is that for different choices of £j, i = 
0,...,q, we obtain different type of hypothesis — bonded coefficients, linear 
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growth, log-normal types diffusions, and so on — and the behavior of the 
lower bound of the density is different in these cases. 
As an immediate consequence of (A), one has 

(A,iv) A*0) = sup (<7<7* <qC 2 N 2 (x), 

IICII=i 



(A,v) 
(A,vi) 



sup \(aa*(x)£,0-(aa*(y)t;,0\ 
11511=1 



<qCt(W(x) + \\x-y\\)\\x-y\\, 
| det aa* (x) — det aa* (y) \ 

< q\Cl q {2N{x) + ||x - y\\f q ' l \\x - y\\. 
It is clear that X is an ltd process and that 

d ft+5 rt+8 

m) = x; / (^(x s ) - * ij (x t )) dB{ + / b\x s ) ds. 

We will employ the following standard lemma: 

Lemma 19. Suppose that (A) holds true. Then for every t > 0, 1 > 5 > 0, 
< m < q + 2, p G N , one has 

(18) \\r 5 (t)\\ tiS , m ,p < C(m,p)N(X t )6, 

where C(m,p) is a constant which depends on Cq and on m,p. 

Proof. The proof is straightforward, but rather long and tedious, so we 
just outline the main arguments (see [11] for a complete approach to such 
evaluations). In order to simplify the notation, we take 6 = 0. The first step is 
to check that for t < s < 6 < 1, (E t (| JV(X a )|f ))Vp < CN(X t ). Here and in the 
sequel, C is a constant which may change from one line to another. We use 
the SDE of X, Holder's inequality, Burckholder's inequality and hypothesis 
(A,i) in order to obtain E t (\Xi\P) < C\X\\p + C J t s E t \N(X r )\P dr. We then 
take >~2i=i e iEt(\Xl\ p ) and employ Gromwell's lemma. This proves the above 
inequality. The same argument gives 

E t (\X l s - Xj\P) < C5 11 / 2 - 1 J° Et\N(X r )\ p dr 
< CN p (X t )5 p/2 . 

It follows that 

1 / rt+8 \p/2 

E t (\r 6 (s)n<Cj2Et[ \a){X T ) - a){X t )\ 2 dr) 
j=i KJt J 

< CN p (X t )5 p . 
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Let us now deal with the first-order Malliavin derivatives. For t < u < s < 
t' <t + 5 and i = 1, . . . , q, I = 1, . . . , d, one has 

D l u Xi = aj(X u )+Y^ [v<j){X r )D l u X r dBl. 
j=i Ju 

We look to s — > D u X l s = {D l u X l s , . . . , D^X*) as an i? d -valued process and use 
Burckholder's inequality (for i? d -valued martingales) in order to obtain 



E t \\D u Xif KCEtWa^X^f + CY,E t 

j=i 

d 



Va)(X r )D l u Xi.dBi. 



< CE t \N(X u )\P + Cj2E t ( I* \\Va){X r )D u X r \\ 2 dr 
3=1 KJu 

/ rs \p/2 

<CN(X t )P + CE t U \\D u X r fdr\ . 



p/2 



It follows that 
t' 

Et 



\D u X\fds 



p/2 



<C5 p/ 



2-1 



t' 



E t \D u Xl\ p ds 



\P/2 



ds. 



<C5 p/2 N(X t ) p + C8 p/2 ~ 1 J Eti^J \\D u X r \\ 2 drj 
Using Gromwell's lemma, we obtain 

/ ft \P/2 

Et[j \\D u Xl\\ 2 ds) <C5 p ' 2 N(X t ) p . 

Finally, for u € [t,t + 8], one has D l u T\(t) = a\{X u ) - a\{X t ) 

+ T,j=lSu +5 ^ a j( X r) Dl u X r dBJ r and > so ' usin g ( A > n ), Holder's inequality 
and Burckholder's inequality we obtain 

/ rt+S . \p/2 

EtU \\D u T\{t)\\ 2 du 
t+s 

t 



< C8 pt2 - X 

< C8 VI2-1 



E t \\D u r s (t)\\ p du 



t+s 



EtWa^X^-aHXtWdu 

rt+S d 



rt+S d rt+S 

+ C6 p/2-i Y, E t Va){X T )D l u X l r dBl 



du 
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< CP 12 - 1 J t+S E t \\X u -X t \\ p du 

rt+S / rt+S \ p/2 

+ C6 p/2-iJ E IJ \\ D l u X l r \\ 2 dr\ du 

< C5 p N{X t ) p . 

So, we have proved that 11^(4)11^^1^ < CN(X t )5. The proof is analogous 
for higher order derivatives, so we omit it. □ 

We denote by A* the smallest eigenvalue of o~a* and let 



p[x) ~ 



Nix) 

Roughly speaking, p 2 is of the same order as the quotient of the smallest 
and the largest eigenvalues of ao~*. 

Lemma 20. (i) Suppose that (A) holds true and let x = (xt)t<T be a 
differentiable path such that A*(xt) > 0, for all < t < T . Then the path x 
is (r, K, a, Q,u)- elliptic (in the sense of Definition 16) with u = |,a = 3/2 
and 

n 1 *( \ 
Qt = 77 O'er (xt), r t 



2 - ™ - 6(? 3 / 2 C 3 ' 
(19) 

K t = C(q + 2, Pq )(— - + 



where C(q + 2,p q ) is the constant from (18) and p q is given in (8). 

(ii) Assume that there exists a measurable function Mt, t S [0, T], and a 
number ha £ (0, 1) such that for every t G [0, T), 

\\dx t \\<M t N(x t ), 

(G) 



h G 



/ M 2 ds<—. 



Aq 

Then for every s,t£ [0,T] such that \s — t\ < he, we have 

N(x s )<4N(x t ). 

PROOF. Suppose that \\X t — xt\\n-i < r t . In view of (A, iv), A*(x) < 
qC$x N 2 (x) and so (crer*) -1 ^) > (l/qC$N 2 (x)) x /, where / is the identity 
matrix. It follows that ||Ai — < ^fqC^N {xt)\\X t — x t ||q-i < ^/qC^N {x t )r t . 
Let (Gff with ||£|| = 1. Using (A, v) and ^J~qC§r t < 1, we obtain 
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\(aa*(X t )Z,Q -(***(x t )t,0\ < qC 2 (2N(x t ) + ^qC N(x t )r t )^qC N(x t )r t 

<3q^ClN\x t )r t <^-, 
the last inequality being a consequence of the choice of rt- This gives 
{aa*(X t )Z,Q = (aa*(x t )d,0 + (X t )U) ~ 

> (aa*(x t )tO - > l(<ro*(xt)t,Z) = (QtS,Z). 

Moreover, 

(aa*(X t )H,0 < (aa*(x t )^) + ^> < ^QtU)- 

So (H, i) holds true with a/% = 3/2. 

Note that N(Xt) < N(xt) + r< < N(xt) + 1. Using the previous lemma 
with m = + 2 and p = p q , we obtain 

IIQr'r^Wllt,^ < - 7 =±=||r,(t)|| tAm , p < ^4^(^)5 

<%4(^)+i)*=w 

So, we have an elliptic path with parameters given in (19). 

Let us now prove (ii) . Suppose that t < s and write x s = xt + // dx r dr so 
that 



N 2 {x s ) = e + J2 £ i\ x i\ 2 ^ £ o + 2 ^2 £ i\4\ 2 + 2 Y, £ i \ 

i=l i=l i=l Jt 

1 ps 

<2N 2 (x t ) + 2j2^i(s-t) J \M r N(x r )\ 2 dr. 



dx l r dr 



i=l 

By the choice of he, 

rt+h G 

N' z (x s )h G I 

t<s<t+h G t<s<t+h G 

<2N 2 {x t ) + \ sup N 2 (x s 

t<s<t+h G 

and the proof is completed. □ 



rt+ho 

sup N 2 (x s ) < 2N 2 (x t ) + 2q sup N 2 (x s )h G M 2 dr 

s<t+h G t<s<t+h G Jt 



We are now able to state our result. 
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Theorem 21. Suppose that (A) holds true and that x = {xt)t<T is a 
differentiable path such that xq = xq, xt = y and p{xt) > ^, A~ 2 (xj) < x f or 
all <t <T, for some /i > 1, x > 0. We assume that there exists a number 
he £ [0, 1) and a measurable function M such that (G) holds true and M £ 
L(r]M, hit) f or some tjm > 1, > 0. Then 

Pr{xo,y) > 



(20) 



4e 2 {Qn^/qirTy/ 2 y^det aa*{y) 
x exp(-ir 3 T(l + lnCo + ln/x + ln77 M ) 



T 



o 



+ ^ + x) 2 * daf + ^-^)) 



-Kdiff = CoC 2 (g + 2,p g ) [rem// i/iot Co given in hypothesis (A) and 
C(q + 2,p q ) given in (18)] and A" g is a constant depending only on q. 

Remark 22. Usually, the constants which appear in the lower bound 
are independent of XQ,y and T, but the dependence on the coefficients a, b 
is not explicit. So, the lower bound is not significant for y in a compact set, 
but only for y — > oo. Here, the constants are explicit (although not optimal), 
so the result is relevant for every XQ,y — this is the motivation of the (rather 
tedious) effort to keep the constants under control. 

Proof of Theorem 21. Under our assumptions, a <r*(xo) > and so 
the law of Xt has a continuous density with respect to the Lebesgue mea- 
sure. We will use Theorem 2 in order to obtain the lower bound. By the 
previous lemma, x is (r, K, a, Q, ^-elliptic and we know the corresponding 
parameters [see (19)]. Since p~ l {x t ) < (J,, we take 

K t = C(q + 2,p q )(p + X ), r t 



6/i 2 (? 3 / 2 C 3 ' 



We also have 



rt A 



A 



1 



Cf(3/2)%+D 2 {fl + x) 2 C 2 {q + 2jPq) 



1 1 

" K g x K dm X /z 4 VQx + x) 2 n ' 
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Since the function ir is constant, m n = 1 and h n = oo. Moreover, using (G), 



we have 



K{x t ) K(x t ) 

so we take = V^fiMt and have m 7 = t)m and h 1 = hu- 

We now take Kq = he and compute rriQ. Using point (ii) for the previous 
lemma, N 2 (xt)/N 2 {x s ) < 16 for \s — t\ < Hq. Moreover, by (A, iv), 

2 n- 1 2 

qC 2 N 2 (x t ) ~ Qt ~K(x~tj 

so that 

A*(x s ) p 2 (x s ) iV 2 (a; s ) gC7 2 iV 2 (xi) 
So, we take mg = Finally, h = Hq A h w A ft, 7 = ha A /im- We compute 

a = ln(8e(2g-7r) 1 / 4 ) + Iiitoq + 41nm 7 + lnm^ 

= ln(32ge(2g7r) 1 / 4 ) + lnC + ln/i + 41nrj M - 
We now use the evaluation from Theorem 2 to obtain 

Pt(xo,v) > 



4e 2 {6i2 y /q7rT)i/ 2 ^det aa*{y) 

x exp(—K q (l + In C + In// + In t)m) 
t f ! 



X L ( ^ a h G + ^ V ( ^ + x)2RdiS + C ° 2 ^ M ') d * 
and the proof is completed. □ 

We will now write the path x in a special form, given by (a variant of) 
the skeleton of the diffusion process X. More precisely, we consider some 
( f)(t) = ((f) 1 (t),...,(j) d (t)), t€ [0,T], such that <j) £ L 2 ([0,T]) d and we denote 
II^Ht = Iq ll<^il| 2 ^- We associate with the path x = x^ which solves the 
deterministic differential equation 

d 

(E^) dx{t) =Y,Pj{x{t))4 dt, x(0) = x Q . 

5=1 

Remark 23. Note that for every differentiable path x% such that aa*{xt) > 
A*(x 4 ) > 0, there exists cfi such that (E^) holds true. Indeed, if one takes 
(fit = a* {x t ){(Jcr*)~ l {x t ) d t x t , then a{x t )(j)t = d t x t . 
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We consider a set of parameters 8 = (/i, x, v, rj, h), fj,,v, rj > 1, h, x > 0) an d 
we define &g(xo,y) to be the set of the controls 4> G (L 2 ([0, T])) d such that 

<t> _ _ 

p(xf)>-, \[X44)>^ ViG[0,T], 

INI <*/||0j V|s-t|</i, ||0||t<y Vt<T. 
We then define 

d e (x ,y) = inf{||0|| T :<£e $ e (xo,y)} 
= oo ii$ (x o ,y) = 0. 

Theorem 24. We assume that (A) holds true. We fix XQ,y 6 i? 9 and 
and suppose that dg(xo,y) < oo. T/ien i/ie law of X? has a continuous 
density pT(xo,y) which verifies 

PT ( Xo,V ^ ~ 4e 2 (6u^7rT)9/ 2 ^det era* (y J 
x exp( -K g (l + ln(C /xn)) 



(21) 



x (^C V^(^o,y) + T^ 4 V(/i + x) 2 ^difr 



+ i + 2GV^ 

where i^difr = C$C 2 (q + 2,p g ) [recall that Co is given in the hypothesis (A) 
and C(g + 2,pg) is given in (18)] and is a constant depending only on q. 

Proof. We fix G $g and take x to be solution of dtXt = o~{xt)4>t- Using 
the orthogonal decomposition <fit = o~*(xt)v + w with v G R d and w such that 
a(xt)w = 0, one obtains dtXt = a(xt)cr* (x t )v. Consequently, 

{{aa*(x t ))~ l d t x u d t x t ) = (v,aa*(x t )v) = ||<7*(x i )t>|| 2 < \\4> t \\ 2 - 

Using (A,iv), we obtain 

\\dx t \\ 2 < C 2 N 2 (x t ) < {{aa*{x t ))- l d t x u d t x t ) < C 2 N 2 {x t )\[4> t \\ 2 , 

so we take M t = Co 1 1 0* 1 1 i n (G). We take he = 1/2^/qCov and these by obtain 

rt+hc i 
haj t M 2 s ds<h 2 G C 2 y<-. 

So (G) holds true. 
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Since <fi G one has t)m = Vi^M = h. Moreover, J T M 2 dr = Cq\\(P\\t- 
Substituting this into (20), we obtain 

2 q 

PT(x ,y) > 



4e 2 (6ny/qTrT)i/ 2 ^det aa*(y) 
x exp( -K^q(l + ln(C /x7?)) 



+ T (# diff // V Gu + x) 2 + + ) ) ■ 

We now take the infimum over 6 and the proof is completed. □ 

APPENDIX 

We will use the following Holder inequalities for the conditional Malliavin 
norms. 



Lemma 25. Let H,Q e n p >i £> fe+1 ' p . Suppose that Q{u) = 0, 



0, . . . ,D k Q(u>) = /or every u> E ^4 C , where A is some measurable set. Then 
for every p>l, 

(22) ||-ffQ||t,<5,fc,p < k^ k \\H\\t,S,k,2p,A\\Q\\t,5,k,2p,A, 

(23) || -OQ)i,5,l |U,5,fc,p < fe!2 fe |||i3"|||t i 5 )fe+ i i 2p,^|||Q|||t,5,fe+l,2p,il) 

ll#fe,p,^ = E t {t A \\H\\l Ak ), 
W H \ft,5,k,p,A : = W H Wt,6,k,P,A~ Et ( lA \ H \ P ^ 

Proof. Let us introduce some notation. Let / C {1, . . . , k}, I = {ii, . . . , i r } 
with 1 < i\ < ■ • ■ < i r < k. We denote |/| = r. Given a multi-index a = 
{ai, ...,a k }£ {1, . . . ,d} k and s = (si, ...,s k ) € we denote a(J) = {a^,. . . ,a ir } 
and s(J) = (s^, . . . , %.). We also put o!s = dsi . . . ds k and ds(7) = ds^ . . . dsi r . 
We denote D k,a = . . . Z)^ 1 and we write 

D k ' a (HQ) = J2 DffiH x Dj^O. 

i=0 |/|=i 



Since the sum has 2 k terms, we have 

k 



^(ijQ)p <2 fc ^E i^SW >< i^VA a(JC) Qi 2 - 



=0|/|=i 
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Let us denote 

a a (HQ):= f \D k s ' a {HQ)\ 2 ds. 

J[t,t+8] k 

Since 

= [ \D^H\ 2 ds(i)x I \D k r; c f c) Q\ 2 ds(n 

Jlt,t+SY { > J[t,t+s\ k -i [ ' 

= ot a (i)(H)a aiI c)(Q), 

we obtain 

k 

(24) a a (HQ) < 2*E E «a(/) (#K(/<=) (Q) ■ 

i=0 \I\=i 

We claim that this implies 

\\HQ\\h, k = E <*°( H Q) ^ mk E x y, «c(Q) 

|a|<fe |6|<fe |c|<fc 

(25) 

= ^2^11^11^11^11^. 

In order to check this inequality, we consider two multi-indices, b and c, such 
that |6| < k and |c| < k. The term a^{H)a c {Q) will appear in the right-hand 
side of (24) for any multi-index a such that b = a{I) and c = a{I c ) for some 
J. It follows that the components of a are fixed (they are the reunion of the 
components of b and c). It follows that there are at most k\ such terms. So, 

(25) follows. 

Since Q and its derivatives are null on A c , we have = 
l,i||iT||| s k \\Q\\ 2 g h and we use Holder's inequality in order to obtain (22). 
The proof of (23) is similar. □ 



Proof of Lemma 1. Let Y lJ be the cofactor corresponding to i, j of the 
matrix (f>t,5,F and let d := det (j>t,s,F- We have <j)^ SF {oj) = \F l i(uS) for w£A 
Using (22), 

\\{$t,s,FGy\\t,6,k, P < E UtAF^ksAP = E \\d- l T ij G j \\ tAKp 

i=l j=l 

q 

< 2 2( - k+1 ^ E \\d 1 \\t,6 > k4p,A\\^ l: ' \\t,6,k,4p,A\\G : ' Wt^k^A- 
3=1 
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Moreover, using (22) and (23), we have ||r ij '||f i<5;Mp < 2 2{ - q ~ l "> i - k+v > x 

chain rule for the function ^, we obtain 

\\d~ l \\t,s,kAP,A < cik^^t 1 x) (F,A)\\d\\ tAkt8p 



8(fc+l)p^ 

TP /IMIIPIII 2 ? 

fc+l,2 2 (9+2)p' 



where c(k,q) is generic notation for a constant which depends on k and q. 
It follows that 

and the proof is completed. □ 

Proof of Proposition 3. We denote by c a constant which depends 
on k,l and q and which may change from one line to the next. Using (22), 
(23), (4) and (3), we obtain 

\\Hi(F,G)\\ ttS , kjp < J2(W G ^s,F L tA F j)ks,k >P 

+ \\(DF ] ,D(^ F G)} tA i\\t,8,k,p) 

q 

<cY^(\\ G $tAF\\tAkM L tA F Mt,5,k,2 V 
J'=i 

+ |||i ; j|||t ) 5 ) fc+l,2p||G f <^ ) l ^f||t,^fc+l,2p) 

< c||G|| t)tf , fc+ i ) ^t;^3[ +1 ^(F,A)|||F||| t J ifc+2}2(rt .3 f| . 

Consider now a multi- index a with |a| = Z. We iterate the above relation 
to obtain 



and the proof is completed. □ 
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